In fact 1 = Φ 6 (ω)v(ω) = −2ωv(ω) = −2ωv(ω) for two roots ω,ω of Φ 3 (x).
We have a contradiction such that 1 = 4 · v(ω)v(ω) and v(ω)v(ω) is an integer.
Thus it is natural to consider the next problem.
For given polynomials f (x), g(x) ∈ Z[x], does there exist polynomials u(x), v(x) ∈ Z[x] such that f (x)u(x) + g(x)v(x) = 1 ?
It is easy for f (x) = x and g(x) = x n − 1. But in general, it seems to be difficult for me because the ring Z[x] is not Euclidean though it is a unique factorization ring. In this paper, we shall answer to this problem in case f (x) and g(x) are cyclotomic polynomials.
First, we start from 
Proof. The first statement is clear from Euclidean algorithm in
If s(x) is not zero, then we have a contradiction by comparing degrees of both sides in the above equation. Uniqueness is almost clear.
(2) is easy to see using division algorithm about a and b.
We need the following well known results for our purpose about cyclotomic polynomials (see [2, p. 82] ).
Lemma 2. We obtain the next equations
( 
according as p | m or not.
Thus, we can prove the last equation on induction t. In case t = 1, it is trivial. Setting t = t 1 p e where p is a prime and (t 1 , p) = 1, we obtain
(2) In case n = 1, it is trivial because Φ 1 (x) = x − 1. In case n = p r , it is also trivial because
Clearly, Φ n (1) = 0 for n > 1 from the definition of cyclotomic polynomials. Thus if n = sp e , where p is prime, s > 1 and (s, p) = 1, then we have the next equation from (1) and so, using Φ s (1) = 0, we obtain our assertion.
.
, we can see the next theorem.
(2) If m is a divisor of n, then we set n = mk and k 0 is the product of all distinct prime divisors of k.
Proof.
(1) If we set n = mq + r, 0 < r < m, then we have easily
Hence, we can use Euclidean algorithm in Z[x] for the polynomials x n − 1 and x m − 1, and so
where d = (n, m). In fact, there exists integers s and t such that ns+mt = d.
We can see t = 0. In case t > 0, we have s < 0 since m > d, and
Similarly, in case t < 0, we have s > 0 and
Thus we have
Therefore, we obtain the next equation excluding case m|n.
, we have x hm − 1 and so
. Let n 0 be the product of all distinct prime divisors of n. We set n 0 = k 0 and 
Let m be a natural number and let q be a power of a prime p. Then we can see from Theorem 1 (2) that there exist
However, the next proposition shows that p is the smallest positive integer satisfying the above equation. 
In particular, there exist no s(x), t(x) ∈ Z[x] such that
where q > 1 is a power of a prime p.
Proof. Our assertion is trivial from Theorem 1 excluding case n = mq and q is a power of a prime p. In this case, I m,n contains (p, Φ m (x)) from Theorem 1 (2). We have from Lemma 2 (1) that
according as p | m or not. Therefore, in any case,
Thus we obtain Using elementary number theory, we can prove the last part of Proposition 1 in case p | m (see [3] ).
In the remainder of this paper, we consider our problem about x n − 1 and Φ m (x). 
Proof. We may assume that m = m 0 from
Thus we have from 
Proof. We may assume m = m 0 from the same reason as we assumed m = m 0 in the proof of Theorem 2. Proof 1. Since t is the order of ζ n m , where ζ m is a root of Φ m (x), we have
where k runs over 1 ≤ k < t and (k, t) = 1. Thus the following polynomial z(x) has a root ζ m and is divided by Φ m (x).
where k runs over 1 < k < t and (k, t) = 1. It is easy to see that the product of polynomials with the same equations as Φ n (x) in Theorem 3 also satisfy the same condition. Thus we have a corollary. 
